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MEROMORPHIC EXTENSIONS OF GREEN’S FUNCTIONS ON A
RIEMANN SURFACE
MICHAEL P. TUITE
Abstract. For a Riemann surface of genus g ě 2 there exists a unique Green’s func-
tion GN px, yq which transforms as a weight N ě 2 form in x and a weight 1´N form
in y and is meromorphic in x, with a unique simple pole at x “ y, but is not mero-
morphic in y. For a Schottky uniformized Riemann surface we consider meromorphic
extensions of GN px, yq called Green’s Functions with Extended Meromorphicity or
GEM forms. GEM forms are meromorphic in both x and y with a unique simple pole
at x “ y, transform as weight N ě 2 forms in x but as weight 1 ´ N quasiperiodic
forms in y. We give a reformulation of the bijective Bers map and describe a choice
of GEM form with an associated canonical basis of normalized holomorphic N -forms.
We describe an explicit differential operator constructed from N “ 2 GEM forms
giving the variation with respect to moduli space parameters of a punctured Riemann
surface. We also describe a new expression for the inverse Bers map.
1. Introduction
For every Riemann surface of genus g ě 2 there exists a unique Green’s function
GNpx, yq with the following properties [Ma, McIT]: GNpx, yq transforms as a weight
N ě 2 differential form in x, as a weight 1´N differential form in y and is meromorphic
in x with a unique simple pole at x “ y but is not meromorphic in y where B
By
GNpx, yq
has a specific form. Using a Schottky uniformization of the Riemann surface, the
definition of GNpx, yq utilizes a Poincare´ series Ψ
Bers
N px, yq introduced by Bers [Be1, Be2]
as a means of constructing a Bers potential for each holomorphic weight N differential
form. Unlike the Green’s function, ΨBersN px, yq is meromorphic in both x and y with
a unique simple pole at x “ y and transforms as a weight N differential form in x
but transforms as a quasiperiodic differential form of weight 1 ´ N in y. ΨBersN px, yq
is an example of what we call a Green’s Function with Extended Meromorphicity or
GEM form, denoted by ΨNpx, yq. GEM forms can be viewed as a generalization of the
classical differential of the third kind ωy´0pxq which is meromorphic in both x and y and
is a weight 1 differential form in x and a quasiperiodic differential form of weight 0 in y
but unlike a GEM form, possesses two simple poles at x “ y and x “ 0 e.g. [Mu, Fa].
Here we develop some general properties of GEM forms which have important intrinsic
meaning beyond their use for constructing Bers potentials or the Green’s function. Our
primary motivation in studying GEM forms is that they play a pivotal role in the
description of vertex operator algebras on a Riemann surface [TW] but we believe that
there may be wider interest in our results beyond that important application.
Our results in Section 2 include a new reformulation and proof of the original Bers
map [Be1] by describing a bijective map between the space of Bers potentials and Eich-
ler cocycles. We discuss a canonical choice of GEM form associated with a canonical
normalized basis of holomorphic N -differentials which generalizes the canonical basis
of holomorphic 1-differentials associated with ωy´0pxq. In Section 3 we discuss the ge-
ometrical meaning of N “ 2 GEM forms and their relation to the 3g ´ 3 dimensional
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space of holomorphic quadratic differentials. In particular, employing a canonical pa-
rameterization of Schottky space, we explicitly construct a new canonical differential
operator (partially anticipated in ref. [O]) employing Ψ2px, yq which gives the variation
with respect to moduli space parameters of a punctured Riemann surface. In Section 4
the general relationship between ΨNpx, yq and the Green’s function GNpx, yq is further
developed and we describe the inverse Bers map giving the Bers potential for a given
choice of Eichler cocycle by means of a new expression involving GNpx, yq.
Acknowledgements. I wish to thank Michael Flattery, Tom Gilroy and Michael
Welby for helpful comments and suggestions.
2. The Bers Map and GEM forms
2.1. The Schottky uniformization of a Riemann surface. We briefly review the
construction of a genus g Riemann surface Sg using the Schottky uniformization where
we sew g handles to the Riemann sphere S0 – pC :“ CY8 e.g. [Fo, Bo]. Every Riemann
surface can be Schottky uniformized [Be3]. Let tC˘au, where a P I` “ t1, . . . , gu, denote
a set of 2g non-intersecting Jordan curves in C. Identify z1 P C´a with z P Ca via the
Schottky sewing cross ratio relation
z1 ´W´a
z1 ´Wa
z ´Wa
z ´W´a
“ qa, a P I`,(1)
for complex qa with 0 ă |qa| ă 1 and some W˘a P pC. Thus z1 “ γaz for a P I` for
Mo¨bius transformation generated by γa P SL2pCq where
γa :“ σ
´1
a
˜
q
1{2
a 0
0 q
´1{2
a
¸
σa, σa “ pW´a ´Waq
´1{2
ˆ
1 ´W´a
1 ´Wa
˙
.(2)
γa is loxodromic with attracting fixed point W´a and repelling fixed point Wa.
The marked Schottky group Γ Ă SL2pCq is the free discrete group of Mo¨bius trans-
formations generated by γa. Let ΛpΓq denote the limit set. Then Sg » Ω0pΓq{Γ, a
Riemann surface of genus g. We let D Ă pC denote the standard connected fundamental
region with oriented boundary curves Ca. We further identify the standard homology
cycle αa with C´a and the cycle βa with a path connecting z P Ca to z
1 “ γaz P C´a.
Define γ´a “ γ
´1
a so that γaCa “ ´C´a for all a P I “ t˘1, . . . ,˘gu. Let wa :“ γ´a.8
so that wa´Wa
wa´W´a
“ qa which implies
wa “
Wa ´ qaW´a
1´ qa
,(3)
for all a P I. We therefore have
γaz “ w´a `
ρa
z ´ wa
,(4)
where ρa “ ρ´a is determined from the condition γaWa “Wa to be
ρa “ ´
qa pWa ´W´aq
2
p1´ qaq
2
.(5)
Hence (1) can be written in the more convenient form:
pz1 ´ w´aqpz ´ waq “ ρa.(6)
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We may choose the Jordan curve Ca to be the isometric circle
1 of γa of radius |ρa|
1
2
centred at wa. We note that the interior/exterior of the disk ∆a “ tz : |z| ď |ρa|
1
2 u
is mapped by γa to the exterior/interior of ∆´a since |γaz ´ w´a||z ´ wa| “ |ρa|.
Furthermore, the fixed point Wa P ∆a.
✫✪
✬✩
¨
wa
¨
Wa
✲
Ca
✫✪
✬✩
¨
w´a
¨
W´a
✲
C´a
✲
γa
Fig. 1 Isometric Schottky Circles
We define the space of Schottky parameters Cg Ă C
3g by
Cg :“
!
pw1, w´1, ρ1, . . . , wg, w´g, ρgq : |wa ´ wb| ą |ρa|
1
2 ` |ρb|
1
2 @ a ‰ b
)
,(7)
where the condition follows from ∆aX∆b “ H for a ‰ b. The cross ratio (1) is Mo¨bius
invariant with pz, z1,Wa, qaq ÞÑ pγz, γz
1, γWa, qaq for γ “ p A BC D q P SL2pCq giving the
following SL2pCq action on Cg
γ : pwa, ρaq ÞÑ
ˆ
pAwa `Bq pCw´a `Dq ´ ρaAC
pCwa `Dq pCw´a `Dq ´ ρa C2
,
ρa
ppCwa `Dq pCw´a `Dq ´ ρa C2q
2
˙
.
(8)
We define Schottky space as Sg “ Cg{ SL2pCq. Sg is a covering space for the 3g ´ 3
dimensional moduli space Mg of genus g Riemann surfaces e.g. [Be3].
2.2. Holomorphic differentials H
pgq
N . Let Am,n for m,n P Z denote the vector space
of smooth differentials of the form Φpzq “ φpzqdzmdzn for local coordinate z on Sg e.g.
the Poincare´ metric2 Rpzq “ ρpzqdzdz P A1,1 for real positive ρpzq. R determines the
positive definite Petersson inner product for Φ,Θ P Am,n
xΦ,Θy :“
ĳ
Sg
ΦΘR´m´nω,(9)
for real volume form
ωpzq :“ ρpzqd2z,(10)
with d2z :“ i
2
dz ^ dz. Let H
pgq
m,n denote the L2-closure of Am,n with respect to the
Petersson product and let H
pgq
n “ H
pgq
n,0. Lastly, let H
pgq
N Ă H
pgq
N denote the space of genus
g holomorphic N -differentials where N is referred to as the weight. The Riemann-Roch
theorem (e.g. [FK, Bo]) determines dN “ dimH
pgq
N as follows:
1The isometric circle for
`
a b
c d
˘
P SL2pCq is given by |cz ` d| “ 1 [Fo].
2R is induced from the Poincare´ metric y´2dζdζ on H “ tζ “ x`i y|x, y P R, y ą 0u by uniformizing
Sg as a quotient of H by an appropriate Fuchsian subgroup of SL2pRq.
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genus g weight N dimension dN
g “ 0 N ď 0 1´ 2N
N ą 0 0
g “ 1 N P Z 1
g ě 2 N ă 0 0
N “ 0 1
N “ 1 g
N ě 2 pg ´ 1qp2N ´ 1q
In the Schottky uniformization, Φpzq “ φpzqdzmdzn P Am,n for z P Ω0pΓq satisfies
Φ|γ “ Φ,
for all γ P Γ where Φ|γpzq :“ φpγzqdpγzq
mdpγzqn and the Petersson product is expressed
as an integral over the Schottky fundamental region D e.g. [McI, McIT].
2.3. Bers potentials and GEM forms. We review the relationship between H
p0q
1´N
and H
pgq
N in the Schottky scheme for all N ě 2 and g ě 2 as developed by Bers
[Be1, Be2]. Let Πk denote the k ` 1 dimensional space of complex polynomials of
degree ď k. H
p0q
1´N consists of elements P pzq “ ppzqdz
1´N for z P pC and p P Π2N´2.
There is a natural Mo¨bius action on H
p0q
1´N given by
P |γpzq :“ P pγzq,(11)
for γ P SL2pCq with P |γλ “ P |γ|λ for all γ, λ P SL2pCq.
Let Γ be a Schottky group for a Riemann surface of genus g ě 2. Let Z1pΓ,H
p0q
1´Nq
denote the vector space of Eichler 1-cocycles3 for Γ given by mappings of the form
Ξ : ΓÑ H
p0q
1´N such that for all γ, λ P Γ
Ξrγλs “ Ξrγs|λ ` Ξrλs,(12)
for Mo¨bius action (11). We note that (12) implies Ξrids “ 0 so that Ξrγs “ ´Ξrγ´1s|γ.
Let B1pΓ,H
p0q
1´Nq Ă Z
1pΓ,H
p0q
1´Nq denote the space of coboundaries ΞP : Γ Ñ H
p0q
1´N
for P P H
p0q
1´N given by
ΞP rγs :“ P |γ ´ P.(13)
ΞP is a 1-cocycle since P |γ|λ´P “ pP |γ ´ P q |λ`P |λ´P . It is easy to show that [Be1]
Lemma 2.1. B1pΓ,H
p0q
1´Nq » H
p0q
1´N as vector spaces.
Let H1pΓ,H
p0q
1´N q :“ Z
1pΓ,H
p0q
1´Nq{B
1pΓ,H
p0q
1´Nq be the cohomology space of Eichler
cocycles modulo coboundaries.
Lemma 2.2. [Be1] dimH1pΓ,H
p0q
1´Nq “ pg ´ 1qp2N ´ 1q.
Proof. Since Γ is freely generated by tγau for a P I`, a cocycle Ξ is determined by its
evaluation on γa. Thus
dimZ1pΓ,H
p0q
1´Nq “ g dimH
p0q
1´N “ gp2N ´ 1q.
The result follows on applying Lemma 2.1. 
3We define a 1-cocycle as a mapping to H
p0q
1´N rather than to Π2N´2 as in refs. [Be1, G].
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Note that dimH1pΓ,H
p0q
1´Nq “ dimH
pgq
N forN ě 2 and g ě 2. The Bers map discussed
below describes a bijection between these spaces.
F pyq “ fpyqdy1´N for fpyq continuous for y P Ω0pΓq is called a Bers potential for a
holomorphic N -form Φ “ φpyqdyN P H
pgq
N provided fpyq satisfies
4
1
π
Byf “ φpyqρpyq
1´N ,(14)
lim
yÑ0
ˇˇ
y2N´2f
`
y´1
˘ˇˇ
ă 8,(15)
where By “
B
By
. (14) can also be written in the following coordinate-free way
1
2πi
d pFΘq “ ΘΦR´Nω,(16)
for all holomorphic Θ P H
pgq
N with exterior derivative d phpyqdyq “ ´Byh dy ^ dy and
volume form ω of (10). (15) ensures that F pyq is defined at the point at infinity. Let
FN denote the vector space of Bers potentials. It is straightforward to see that
Lemma 2.3. [Be1] F P FN is a Bers potential for Φ “ 0 iff F P H
p0q
1´N .
A Bers potential F is quasiperiodic under the action of the Schottky group. Define
ΞF rγs :“ F |γ ´ F, γ P Γ,(17)
where F |γpyq “ F pγyq. We then find
Lemma 2.4. ΞF is an Eichler 1-cocycle for each F P FN .
Proof. (16) implies d ppFΘq|γ ´ FΘq “ 0 for all Θ P H
pgq
N so that ΞF rγs P H
p0q
1´N . ΞF is
a 1-cocycle since F |γλ ´ F “ pF |γ ´ F q |λ ` F |λ ´ F . 
The existence of a Bers potential for Φ P H
pgq
N for N ě 2 and g ě 2 follows from
consideration of the following Poincare´ series defined for all x, y P Ω0pΓq by [Be1, Be2]
ΨBersN px, yq :“
ÿ
γPΓ
1
γx´ y
2N´1ź
j“1
y ´ Aj
γx´ Aj
dpγxqNdy1´N .(18)
Here A1, . . . , A2N´1 are any distinct elements of the limit set ΛpΓq. Ψ
Bers
N px, yq is mero-
morphic in x, y P Ω0pΓq with a simple pole of residue one at y “ γx for all γ P Γ
[Be1, Be2, G, McI, McIT]. Furthermore, ΨBersN px, yq is a bidifferential pN, 1 ´ Nq-
quasiform with respect to the Schottky group as follows. By construction, ΨBersN px, yq
is an N -differential in x so that for all γ P Γ
ΨBersN pγx, yq “ Ψ
Bers
N px, yq.(19)
ΨBersN px, yq is a quasiperiodic 1´N form in y where
ΨBersN px, γyq ´Ψ
Bers
N px, yq “ χ
Bersrγspx, yq,(20)
for γ P Γ where χBersrγspx, yq is holomorphic for x, y P Ω0pΓq.
For a given N -differential Φ P H
pgq
N and y P Ω0pΓq we define
FBerspyq :“ ´
ĳ
D
ΨBersN p¨, yqΦR
´Nω “ ´xΨBersN p¨, yq,Φy.
4We include a factor of 1
pi
in comparison to [Be1, McIT] for later convenience.
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FBerspyq “ fBerspyqdy1´N satisfies (15) with fBerspyq continuous on Ω0pΓq [Be1]. Since
fpyq “ ´
1
π
By
ĳ
R
fpzq
z ´ y
d2z, y P R,(21)
for any complex function fpzq on an open region R Ă C (e.g. [GR]), we find that
FBerspzq satisfies (14). Thus FBerspyq is a Bers potential for Φ with cocycle ΞBers from
(17) and we find:
Proposition 2.1. [Be1] There exists a Bers potential for each Φ P H
pgq
N .
By Lemma 2.3 the most general Bers potential for Φ P H
pgq
N is of the form F “
FBers`P for some P P H
p0q
1´N with 1-cocycle Ξ “ Ξ
Bers`ΞP . Let tΦru
dN
r“1 be a H
pgq
N -basis
of dimension dN “ pg´1qp2N´1q where Φr has potential Frpyq “ F
Bers
r pyq`Prpyq with
cocycle Ξr “ Ξ
Bers
r ` ΞPr for some choice of Pr P H
p0q
1´N . Let tΦ
_
r u
dN
r“1 be the Petersson
dual basis. We may define the following meromorphic bidifferential pN, 1´Nq-quasiform
ΨNpx, yq :“ Ψ
Bers
N px, yq ´
dNÿ
r“1
Φ_r pxqPrpyq,(22)
where the Bers potential for Φr is given by
Frpyq “ ´xΨNp¨, yq,Φry.(23)
ΨNpx, yq is an N -form in x and a quasiperiodic 1´N form in y with
ΨNpx, γyq ´ΨNpx, yq “ χrγspx, yq,(24)
where χrγspx, yq is holomorphic for all x, y P Ω0pΓq. Hence (19) and (23) imply
χrγspx, yq “ ´
dNÿ
r“1
Φ_r pxqΞrrγspyq.(25)
We refer to ΨN of (22) as a Green’s function with Extended Meromorphicity or a
GEM form for reasons explained in §4. The space of GEM forms is of dimension
p2N ´ 1qdN “ pg ´ 1qp2N ´ 1q
2 from (22).
2.4. The Bers map. The following commutative diagram summarizes the various
maps introduced in the previous section
FN
α
ÝÝÝÑ Z1pΓ,H
p0q
1´Nq
ǫ
§§đ δ§§đ
H
pgq
N
β
ÝÝÝÑ H1pΓ,H
p0q
1´Nq
(26)
where α is the linear map determined by (17), ǫ is the complex anti-linear map deter-
mined by (14) with pre-image determined by (23) and δ is the coboundary quotient
map with B1pΓ,H
p0q
1´Nq “ ker δ. Then Lemmas 2.1 and 2.3 are equivalent to
ker ǫ “ H
p0q
1´N , ker δ “ αpker ǫq.(27)
The complex antilinear mapping β is known as the Bers map. We have the following
fundamental result (which is a reformulation of Bers’ classic result [Be1])
Proposition 2.2. FN » Z
1pΓ,H
p0q
1´N q as vector spaces.
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Proof. We first show that α : FN Ñ Z
1pΓ,H
p0q
1´Nq is injective. Let F P FN be a potential
for Φ P H
pgq
N such that ΞF “ αpF q “ 0. Thus F |γ “ F for all γ P Γ implying F P H
pgq
1´N .
Hence (16) implies that for all Θ P H
pgq
N we have
xΘ,Φy “
1
2πi
ĳ
D
d pFΘq “ ´
ÿ
aPI
1
2πi
¿
Ca
ΘF
“ ´
1
2πi
gÿ
a“1
¿
Ca
Θ pF ´ F |γaq “ 0,(28)
by Stokes’ theorem on the fundamental domain D formed from pC by excising 2g discs
with oriented boundary curves Ca and that C´a “ ´γaCa. Since x , y is invertible we have
Φ “ 0 which implies F is holomorphic by (16). Hence F P H
pgq
1´N so that F “ 0 by the
Riemann-Roch theorem. Lemma 2.3 implies dimFN “ gp2N ´ 1q “ dimZ
1pΓ,H
p0q
1´Nq
so that α is also surjective and thus bijective. 
Remark 2.1. Proposition 2.2 together with (27) imply that the Bers map β : H
pgq
N Ñ
H1pΓ,H
p0q
1´Nq is also bijective. The statement and proof of Proposition 2.2 can be
adapted to any Kleinian group Γ since D consists of a finite set of disconnected com-
ponents [Be1] and hence xΘ,Φy “ 0, as in (28), so that α and β are injective.
We note the following useful identity [Be1, McIT]
Proposition 2.3. Let Ξ P Z1pΓ,H
p0q
1´N q with Φ “ pǫ ˝ α
´1q pΞq P H
pgq
N . Then
xΘ,Φy “
1
2πi
gÿ
a“1
¿
Ca
ΘΞrγas,(29)
for all Θ P H
pgq
N .
Proof. Let F “ α´1pΞq be the Bers potential for Φ with cocycle Ξ. Thenĳ
D
ΘΦR´Nω “
1
2πi
ĳ
D
d pΘF q “
1
2πi
gÿ
a“1
¿
Ca
ΘΞrγas,
much as in (28). 
Remark 2.2.
řg
a“1
ű
Ca
ΘΞP rγas “ 0 for any coboundary cocycle ΞP .
Corollary 2.1. Let tΦsu
dN
s“1 be a H
pgq
N -basis and let tΦ
_
r u
dN
r“1 be the Petersson dual basis.
For r, s “ 1, . . . , dN we have
5
1
2πi
gÿ
a“1
¿
Ca
Φ_r Ξsrγas “ δrs,(30)
where Ξs “ β pΦsq is any cocycle representative associated with Φs.
Let tΦsu
dN
s“1 be a H
pgq
N -basis with potentials tFsu
dN
s“1 and cocycles tΞsu
dN
s“1 i.e. Ξs is a
particular cocycle representative associated with Φs. Recall there exists a corresponding
GEM form ΨN of (22) determining the potentials tFsu
dN
s“1 in (23). We then find
5We note that there appears to be a sign error in (4.1) of [McIT].
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Proposition 2.4. ΨN and the cocycles tΞsu
dN
s“1 obey
1
2πi
gÿ
a“1
¿
Ca
ΨNp¨, yqΞsrγasp¨q “ Ξsrλspyq,(31)
where y P Ω0pΓq and λ is the unique Schottky group element such that λy P D.
Proof. ΨNpx, yq has a unique simple pole at x “ λy for x P D using (18). Let Dε “
D ´ ∆ε where ∆ε is a disc of arbitrarily small radius ε centered at λy with oriented
boundary Cε. Parameterizing ∆ε by x “ λy`re
iθ for 0 ď r ď ε and 0 ď θ ď 2π we find
ΨNpx, yqω “ pρpλyq `Opεqqdr ^ dθ for x P ∆ε so that (23) implies the Bers potential
Fs “ α
´1 pΞsq for Φs is given by
Fspyq “ ´ lim
εÑ0
ĳ
Dε
ΨNp¨, yqΦsR
´Nω.
Similarly to (16), we find that for fixed y
1
2πi
d pΨNp¨, yqFsq “ ΨNp¨, yqΦsR
´Nω,
on D ´ tλyu Ą Dε. Then Stokes’ theorem implies
´
ĳ
Dε
ΨNp¨, yqΦsR
´Nω “
1
2πi
ÿ
aPI
¿
Ca
ΨNp¨, yqFs `
1
2πi
¿
Cε
ΨNp¨, yqFs
“´
1
2πi
gÿ
a“1
¿
Ca
ΨNp¨, yqΞsrγas `
1
2πi
¿
Cε
ΨNp¨, yqFs.
Let x “ λy ` εeiθ on Cε so that ΨNpx, yqFspxq “ i pFspλyq `Opεqqdθ implying
lim
εÑ0
1
2πi
¿
Cε
ΨNp¨, yqFs “ Fspλyq.
Combining these identities we find
1
2πi
gÿ
a“1
¿
Ca
ΨNp¨, yqΞsrγas “ Fspλyq ´ Fspyq “ Ξsrλspyq.

Remark 2.3. Since Ξsrids “ 0, Proposition 2.4 implies that for y P D we have
gÿ
a“1
¿
Ca
ΨN p¨, yqΞsrγas “ 0.(32)
Conversely, (32) implies (31) using (24), (25) and (30).
2.5. A canonically normalized basis for H
pgq
N . We define a canonical Z
1pΓ,H
p0q
1´Nq
homology basis tΞaku for a P I` and k “ 0, . . . , 2N ´ 2 determined by their evaluation
on the marked Schottky group generating set, tγbu for b P I`, as follows
Ξakrγbspzq :“ δabz
k
a dz
1´N ,(33)
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with za “ z´wa for Schottky parameter wa. For any given P P H
p0q
1´N with coboundary
ΞP we may write
ΞP rγaspzq “
2N´2ÿ
k“0
pakz
k
a dz
1´N , a P I`,
for some complex coefficients pak determined by P . Hence it follows that
ΞP “
gÿ
a“1
2N´2ÿ
k“0
pakΞak,(34)
since they coincide on each generator γa. Thus there are 2N´1 linear relations modulo
coboundaries on the set tΞaku (cf. Lemma 2.2). Let Φak “ pǫ ˝ α
´1q pΞakq P H
pgq
N . Since
pǫ ˝ α´1q pΞP q “ 0 there are 2N ´ 1 linear relations on the set tΦaku given by
gÿ
a“1
2N´2ÿ
k“0
pakΦak “ 0.(35)
Let tΦakuJ denote any H
pgq
N -basis indexed by pa, kq P J where J is a set, of cardinality
dN , of distinct pa, kq values with a “ 1, . . . , g and k “ 0, . . . , 2N ´ 2 i.e. the cocycles
tΞakuJ are independent modulo coboundaries. We let tΦ
_
akuJ denote the Petersson
dual basis and let ΨCanN be the corresponding GEM form (22). Then (25), Corollary 2.1
and Remark 2.3 imply
Proposition 2.5. A H
pgq
N -basis tΦakuJ with canonical cocycles tΞakuJ , Petersson dual
basis tΦ_bluJ and GEM form Ψ
Can
N obeys¿
Ca
ΨCanN px, yqΞakrγaspxq “ 0,(36)
ΨCanN px, yq ´Ψ
Can
N px, γayq “
ÿ
pa,kqPJ
Φ_akpxqΞakrγaspyq,(37)
1
2πi
¿
Ca
Φ_blpxqΞakrγaspxq “ δabδkl,(38)
for all y P D and pa, kq, pb, lq P J .
Remark 2.4. Proposition 2.5 is a natural generalization of the properties of the clas-
sical differential of the third kind
ωy´0pxq :“
ÿ
γPΓ
ˆ
1
γx´ y
´
1
γx
˙
dpγxq,
which is a 1-differential is x and a 0-differential in y where ωy´0pxq´ωγay´0pxq “ νapxq
for holomorphic 1-differential νa normalized by
ű
Ca
νb “ 2πiδab. However, ΨNpx, yq has
a unique simple pole at x “ y whereas ωy´0pxq has an additional simple pole at x “ 0
which is why we excluded the case N “ 1 in the above discussion.
3. Variation of the Riemann Surface Moduli
We consider Bers potentials, holomorphic differentials and GEM functions for N “ 2
where the structures discussed in §2 have a particular geometric significance. The exis-
tence of a complex structure on a Riemann surface is equivalent to that of a Riemannian
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metric with line element
ds2 „ |dz ` µpz, zq dz|2,
for local coordinates z, z where |µ| ă 1 and Bpz, zq :“ µpz, zqdz´1dz P A´1,1 e.g.
[GL]. Bpz, zq is called a Beltrami differential. The metric can be transformed locally
to coordinates w,w where ds2 „ |dw|2 provided wpz, zq satisfies the Beltrami equation
Bzw “ µBzw.(39)
The mapping z Ñ wpzq is called a quasiconformal map. Define φ “ µρ, for the Poincare´
metric ρ, so that Φpzq “ φpzqdz2 P A2,0. Bpz, zq is called an harmonic Beltrami
differential when Bzφ “ 0 so that Φpzq P H
pgq
2 , the space of holomorphic quadratic
differentials. There is a 1-1 map between the infinitesimal variations of Mg and the
space of harmonic Beltrami differentials i.e. a bijective antilinear map between the
moduli tangent space T pMgq and H
pgq
2 e.g. [A].
We may explicitly realise these ideas in the Schottky uniformization as follows. Con-
sider a small variation in a Schottky parameter m Ñ m ` εm with corresponding
quasiconformal map given by z Ñ wpz, z, εmq where
w “ z `
εm
π
fm `Opε
2
mq,(40)
for some6 fmpz, zq. (39) implies that µ “ εmµm `Opε
2
mq where
µm “
1
π
Bzfm.
Thus for an harmonic Beltrami differential Fm “ fmpzqdz
´1 P F2 is a Bers potential
for Φm “ µmρdz
2 P H
pgq
2
from (14) with N “ 2. The deformed Riemann surface is
uniformized with a Schottky group Γεm where for each γ P Γ we define γεm P Γεm via
the compatibility condition: γεmwpzq “ wpγzq. But γεmz “ γz ` εmBmpγzq ` Opε
2
mq
and using (40) we find [EO, Ro, P]
Bmpγzq “
1
π
pfmpγzq ´ fmpzqpγzq
1q “
1
π
Ξmrγspzqdpγzq,(41)
where Ξm denotes the 1-cocycle for potential Fm. Define the following T pCgq basis:
Ba,0 :“ Bwa, Ba,1 :“ ρaBρa, Ba,2 :“ ρaBw´a,(42)
for a P I` and ℓ “ 0, 1, 2. For each generator γb P Γ of (4) we have
Ba,kpγbzq “ ρapz ´ waq
k´2δab “ ´Ξakrγbspzqdpγbzq,
where Ξaℓ is the canonical cocycle basis of (33) for N “ 2. Thus we find that
Ba,ℓpγzq “ ´Ξaℓrγspzqdpγzq,(43)
for all γ P Γ. We have therefore established a natural pairing of Ba,ℓ with Ξaℓ. In
conjunction with Proposition 2.2 this implies
Proposition 3.1. F2 » Z
1pΓ,H
p0q
´1q » T pCgq as vector spaces.
By Lemma 2.1 the coboundary space B1pΓ,H
p0q
´1q » H
p0q
´1. H
p0q
´1 is trivially isomorphic
as a vector space to the Mo¨bius sl2pCq Lie algebra where P “ ppzqdz
´1 P H
p0q
´1 for p P Π2
6The factor of 1
pi
is introduced to comply with our Bers potential definition (14).
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is identified with ´ppzqBz. By (43), the B
1pΓ,H
p0q
´1q element ΞP “
ř
2
ℓ“0
ř
aPI`
paℓΞaℓ of
(34) is paired with L
Cg
P P T pCgq given by
L
Cg
P : “ ´
2ÿ
ℓ“0
ÿ
aPI`
paℓBa,ℓ “ ´
ÿ
aPI
ppWaqBWa,(44)
for the original Schottky parameters W˘a. Thus tL
Cg
P u generates the sl2pCq subalgebra
of T pCgq associated with the Mo¨bius action (8). In summary, we have the following
vector space isomorphisms:
H
p0q
´1 » B
1pΓ,H
p0q
´1q » sl2pCq Ă T pCgq.(45)
Recalling that Sg “ Cg{ SL2pCq with tangent space T pSgq “ T pMgq we may consider
the relevant quotients using Proposition 3.1 and (45) to find
Proposition 3.2. H
pgq
2 » H
1pΓ,H
p0q
´1q » T pMgq as vector spaces.
We now discuss the geometrical meaning of a given N “ 2 GEM form Ψ2px, yq.
Following (24) we define Θapx; ℓq P H
pgq
2 for a P I` and ℓ “ 0, 1, 2 by
Ψ2px, yq ´Ψ2px, γayq “
2ÿ
ℓ“0
Θapx, ℓqpy ´ waq
ℓdy´1,
for each Γ generator γa. It follows that for all γ P Γ
Ψ2px, γyq ´Ψ2px, yq “ ´
2ÿ
ℓ“0
ÿ
aPI`
Θapx, ℓqΞaℓrγspyq,(46)
for all γ P Γ. Hence tΘapx; ℓqu is a H
pgq
2
spanning set by (25). We also define a canonical
differential operator given by [GT1, TW]
∇Cgpxq :“
2ÿ
ℓ“0
ÿ
aPI`
Θapx, ℓqBa,ℓ.(47)
∇Cgpxq is a holomorphic vector field on Cg with quadratic differential coefficients.
We next examine the dependence of ∇Cgpxq on the choice of GEM function Ψ2. From
(22) it is sufficient to consider a new GEM function qΨ2px, yq “ Ψ2px, yq ´ ΦpxqP pyq
for some Φ P H
pgq
2
and P P H
p0q
´1. (46) implies
qΘapx, ℓq “ Θapx, ℓq ` paℓΦpxq for
ΞP “
ř
2
ℓ“0
ř
aPI`
paℓΞaℓ so thatq∇Cgpxq “ ∇Cgpxq ` ΦpxqLCgP .
Therefore modulo sl2pCq we find that ∇Cgpxq determines a unique vector field ∇Mgpxq
independent of the choice of GEM function. Thus we may choose a basis of 3g ´ 3
tangent vectors tBaℓuJ P T pMgq, where J is a set of distinct pa, ℓq values as described
in § 2.5, with corresponding cohomology basis tΞaℓuJ , H
p0q
´1 basis tΦaℓuJ and Petersson
dual basis tΦ_aℓuJ . Then (37) implies that
∇Mgpxq “
ÿ
pa,ℓqPJ
Φ_aℓpxqBa,ℓ.(48)
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Furthermore, for any coordinates tmru
3g´3
r“1 on moduli space Mg with T pMgq basis
tBmru
3g´3
r“1 and corresponding H
pgq
2 -basis tΦru
3g´3
r“1 with dual basis tΦ
_
r u
3g´3
r“1 then [O]
∇Mgpxq “
3g´3ÿ
r“1
Φ_r pxqBmr .(49)
Next let Sg,n denote a Riemann surface with n punctures y1, . . . , yn P Sg with pa-
rameter space Cg,n :“ Cg ˆ pSgq
n. Define the differential operator [GT1, TW, O]
∇Cg,npxq :“ ∇Cgpxq `
nÿ
k“1
Ψ2px, ykqdyk Byk .(50)
We note that (43) and (46) imply that for all γ P Γ
∇Cgpxqpγyq “ pΨ2px, γyq ´Ψ2px, yqqdpγyq,
which implies that for each puncture yk
∇Cg,npxqpγykq “ Ψ2px, γykqdpγykq.(51)
Proposition 3.3. ∇Cg,npxq is a holomorphic vector field on Cg,n for x P Sg,n.
Proof. We first show that ∇Cg,npxq is a vector field on Cg,n i.e. ∇Cg,npxq is invariant under
yk Ñ γyk for γ P Γ. Let prw˘a, rρa, rykq “ pw˘a, ρa, γykq. Then
Ba,ℓ “ rBa,ℓ ` nÿ
k“1
Ba,ℓprykqBryk , Byk “ BykprykqBryk .
From (50) and (51) we obtain
∇Cg,npxq “ r∇Cgpxq ` nÿ
k“1
∇Cg,npxqprykqBryk “ r∇Cgpxq ` nÿ
k“1
Ψpx, rykqdryk “ r∇Cg,npxq.
Thus ∇Cg,npxq is a vector field on Cg,n. Furthermore ∇Cg,npxq is holomorphic since
Ψ2px, yq and Θapx, ℓq are holomorphic for x P Sg,n. 
For a new GEM function qΨ2px, yq “ Ψ2px, yq ´ ΦpxqP pyq we find thatq∇Cg,npxq “ ∇Cg,npxq ` ΦpxqLCg,nP ,
where by (44)
L
Cg,n
P :“ L
Cg
P ´
nÿ
k“1
ppykqByk “ ´
ÿ
aPI
ppWaqBWa ´
nÿ
k“1
ppykqByk ,
i.e. L
Cg,n
P generates an sl2pCq subalgebra of T pCg,nq. Thus modulo sl2pCq we find that
L
Cg,n
P determines a unique vector field ∇Mg,npxq independent of the choice of GEM
function. Similarly to the unpunctured case, we may choose a canonical cohomology
basis tΦaℓuJ with corresponding canonical GEM form Ψ
Can
2
of Proposition 2.5 so that
Proposition 3.4. There exists a unique holomorphic vector field on Sg,n
∇Mg,npxq “ ∇Mgpxq `
nÿ
k“1
ΨCan
2
px, ykqdyk Byk .
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Remark 3.1. The operators ∇Cg and ∇Cg,n appear in the conformal Ward identities for
a vertex operator algebra on a Riemann surface as described in ref. [GT1] (for genus
2) and in ref. [TW] (for genus g). This leads to partial differential equations giving the
variation with respect to moduli of Riemann surface structures such as the bidifferential
of the second kind ωpx, yq, the projective connection, the holomorphic 1-differentials νa
and the period matrix Ωab. Thus Rauch’s formula [Ra] is rederived and expressed as
2πi∇MgΩab “ νapxqνbpxq, a, b P I`.(52)
In ref. [O] the operator ∇Mgpxq is defined and the operator ∇Mg,npxq is anticipated but
the existence and a construction of the ΨCan2 px, yq term is not given. Similar partial
differential equations for Riemann surface structures (including the prime form) are
also discussed in ref. [O].
4. The Green’s Function GNpx, yq
We consider the Green’s function GNpx, yq for the anti-holomorphic part of the
Poincare´ metric compatible connection [Ma, McI, McIT] and its relationship to a GEM
form ΨN . We develop some novel properties for the Green’s function and describe an
explicit formula for the inverse Bers map α´1 employing the Green’s function.
There is a unique connection acting on H
pgq
N compatible with the Poincare´ metric and
the complex structure defined by e.g. [McIT]
BN ‘ BN : H
pgq
N Ñ H
pgq
N`1 ‘ H
pgq
N,1,
where for Θpzq “ θpzqdzN P H
pgq
N we have
BNθpzq “ ρpzq
NBz
`
ρpzq´Nθpzq
˘
, BNθpzq “ Bzθpzq.
Note that ker BN “ H
pgq
N . Define the projection PN : H
pgq
N Ñ H
pgq
N by
PNΘ :“
dNÿ
r“1
xΘ,ΦryΦ
_
r ,
for Θ “ θpzqdzN P H
pgq
N and any H
pgq
N -basis tΦr “ φrpzqdz
NudNr“1 with Petersson dual
basis tΦ_r “ φ
_
r pzqdz
NudNr“1. It is also useful to define the projection kernel
pNpx, yq :“
dNÿ
r“1
φ_r pxqφrpyqρ
1´N pyq,(53)
so that PNθpxq “
ť
D
pNpx, yqθpyqd
2y.
For N ě 2 and g ě 2, we define the Green’s function for BN to be a bidifferential
pN, 1´Nq-form GNpx, yq “ gNpx, yqdx
Ndy1´N where the regular part defined by
gRNpx, yq :“ gNpx, yq ´
1
x´ y
,(54)
satisfies the following two conditions:
(I) gRNpx, yq is holomorphic in x,
(II) gRNpx, yq is not meromorphic in y with
1
π
By g
R
Npx, yq “ pNpx, yq.
Remark 4.1.
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(i) We may heuristically rewrite (II) as
1
π
BygNpx, yq “ ´δpy ´ xq ` pNpx, yq,
for Dirac delta function πδpy ´ xq “ Bypy ´ xq
´1 from (21). This is a defining
property for the Green’s function for BN in the physics literature e.g. [EO, Ma].
(ii) We may also write (II) in a coordinate-free way (similarly to (16)) where
1
2πi
d pGNpx, ¨qΦq “ ΦPNpx, ¨q,(55)
on D ´ txu for all Φ P H
pgq
N with
PNpx, yq “
dNÿ
r“1
Φ_r pxqΦrpyqRpyq
´Nωpyq.
Lemma 4.1. The Green’s function is unique.
Proof. Suppose GN and rGN are Green’s functions for BN . Let
GN px, yq ´ rGNpx, yq “ hN px, yqdxNdy1´N ,
for hN px, yq “ g
R
Npx, yq ´ rgRNpx, yq. (II) implies hNpx, yqdy1´N is a holomorphic form of
weight 1´N ă 0 in y (for fixed x). Hence hN “ 0 by the Riemann-Roch theorem. 
Proposition 4.1. xGNp¨, yq,Φy “ 0 for all Φ P H
pgq
N .
Proof. For a given H
pgq
N -basis tΦru
dN
r“1, let λspyqdy
1´N “ xGNp¨, yq,Φsy. Equation (21)
implies that for x, y P D
1
π
Byλspyq “
1
π
By
ĳ
D
gNpx, yqφspxqρpxq
1´N d2x
“ ´φspyqρpyq
1´N `
1
π
ĳ
D
Byg
R
Npx, yqφspxqρpxq
1´N d2x.
Then (53) and condition (II) imply
1
π
Byλspyq “ ´φspyqρpyq
1´N `
dNÿ
r“1
xΦ_r ,Φsyφrpyqρpyq
1´N “ 0.
Thus λspyqdy
1´N is a negative weight holomorphic form and hence λs “ 0. 
We now construct the unique Green’s function [Ma, McIT]. Let tΦsu
dN
s“1 be a H
pgq
N -
basis with potentials tFspyqu
dN
s“1, Petersson dual basis tΦ
_
r u
dN
r“1 and GEM form ΨN .
Proposition 4.2. The Green’s function GN px, yq for x, y P D is given by
GNpx, yq “ ΨNpx, yq `
dNÿ
r“1
Φ_r pxqFrpyq.(56)
Proof. ΨNpx, yq `
ř
r Φ
_
r pxqFrpyq is an N -differential with respect to x and using (17)
and (25), it is a 1´N differential with respect to y. Thus condition I of (54) is verified.
It is straightforward to confirm condition II using the Bers equation (14) and that
ψRNpx, yq “ ψNpx, yq ´
1
x´ y
,
is holomorphic in y. 
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Remark 4.2. We note that Proposition 4.1 is easily verified using (23). Furthermore,
we can interpret the Green’s function as being the orthogonal projection of the GEM
form ΨNpx, yq. Conversely, ΨNpx, yq can be interpreted as a meromorphic extension of
the unique Green’s function GNpx, yq which is why we refer to ΨNpx, yq as a Green’s
function with Extended Meromorphicity or GEM form.
The inverse map α´1 (associated with the inverse Bers map β´1) which exists by
Proposition (2.2) can be explicitly described in terms of the Green’s function as follows:
Proposition 4.3. Let Ξ be a 1-cocycle. Then Φ “ β´1pΞq has Bers potential
FΞpyq “ α
´1pΞq given by
FΞpyq “
1
2πi
gÿ
a“1
¿
Ca
GNp¨, yqΞrγas ´ Ξrλspyq,(57)
where λ P Γ is the unique Schottky group element such that λy P D.
Proof. Let tΦsu
dN
s“1 be a H
pgq
N -basis with potentials tFspyqu and corresponding cocycle
basis tΞsu, Petersson dual basis tΦ
_
r u and GEM form ΨN . Write Ξ “
řdN
r“1 xrΞr where
xr “
1
2πi
gÿ
a“1
¿
Ca
Φ_r Ξrγas,
from Corollary 2.1. Then (56) and Proposition 2.4 imply
1
2πi
gÿ
a“1
¿
Ca
GNp¨, yqΞrγas “
1
2πi
gÿ
a“1
¿
Ca
ΨNp¨, yqΞrγas `
dNÿ
r“1
xrFrpyq
“Ξrλspyq ` FΞpyq,
where FΞpyq “
řdN
r“1 xrFrpyq. 
Remark 4.3.
(i) Define FDpyq “
1
2πi
řg
a“1
ű
Ca
GN p¨, yqΞrγas for y P Ω0pΓq. It follows that FΞpyq “
FDpyq for all y P D since Ξrids “ 0.
(ii) Note that FD|γ “ FD for all γ P Γ since GN p¨, yq is a 1´N form in y. Furthermore,
(57) implies that for all γ P Γ and y P Ω0pΓq
FΞpγyq “FDpyq ´ Ξrλγ
´1spγyq.
since λγ´1pγyq P D. Thus FΞ|γ ´ FΞ “ ´Ξrλγ
´1s|γ ` Ξrλs “ Ξrγs using the
1-cocycle condition (12). Lastly, (57) implies that FΞ satisfies (16) using (55).
(iii) Proposition 4.3 can be adapted to the case of any Kleinian group with contour
integrals over appropriate boundaries of the disconnected components of the fun-
damental domain D as in Remark 2.1.
(iv) (57) provides the motivation for a further generalization of the notion of a GEM
form associated with a non-Kleinian uniformization of a genus two Riemann sur-
face formed by sewing two tori [GT2].
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